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HOMOGENEOUS FLUXES, BRANES AND A
MAXIMALLY SUPERSYMMETRIC SOLUTION OF
M-THEORY
JOSÉ FIGUEROA-O'FARRILL AND GEORGE PAPADOPOULOS
Abstract. We nd M-theory solutions with homogeneous uxes
for which the spacetime is a lorentzian symmetric space. We
show that generic solutions preserve sixteen supersymmetries and
that there are two special points in their moduli space of param-
eters which preserve all thirty-two supersymmetries. We calculate
the symmetry superalgebra of all these solutions. We then con-
struct various M-theory and string theory branes with homoge-
neous uxes and we also nd new homogeneous ux-brane solu-
tions.
1. Introduction
Solutions of supergravity theory that preserve all spacetime super-
symmetry have played a central rôle in the understanding of the prop-
erties of superstrings and M-theory. The applications range from the
quantisation of superstrings in ten-dimensional Minkowski spacetime
to the formulation of the AdS/CFT correspondence. Most of our un-
derstanding is based on the large number of unbroken supersymmetries
that such solutions exhibit. In M-theory, it is well known that back-
grounds that preserve all thirty-two supersymmetries include eleven-
dimensional Minkowski space, AdS4S7 and AdS7S4. Less well-
known is that in addition to the above three spaces there is another
solution of D = 11 supergravity theory which preserves all supersym-
metries. This solution was discovered by Kowalski-Glikman[19] and in
what follows we shall refer to it as the KG space or solution.
In this paper, we shall investigate solutions of supergravity theo-
ries in ten and eleven dimensions that have covariantly constant form
eld-strength uxes. In this paper we will call these uxes homoge-
neous, since the spacetimes we will be concerned with will be symmet-
ric spaces, and for a symmetric space these two concepts agree. We
therefore dene a homogeneous p-brane (or Hp-brane) to be a solution
with ISO(p, 1) Poincaré invariance and with a U-duality representa-
tive which has homogeneous uxes. Such solutions do not necessarily
carry usual p-brane charges but as we shall see in some cases describe
the asymptotic geometry of p-branes in the presence of a homogeneous
ux. We shall also nd that our H-branes are closely related to ux-
branes (or F-branes). In fact, we shall show that if instead of reducing
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Minkowski spacetime [11, 10], we reduce a certain H-brane spacetime,
we obtain an F-brane in the presence of additional uxes.
We shall focus on the H-branes that are constructed from a large
family of eleven-dimensional Lorentzian symmetric spacetimes found
by Cahen and Wallach [5]. We call them CahenWallach (CW) spaces.
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In particular we shall show that generic CW spaces equipped with a
homogeneous four-form null ux are solutions of eleven-dimensional
supergravity preserving one half of the supersymmetry. The resulting
solution is an M-theory pp-wave in homogeneous four-form ux, or
Hpp-wave. Our solutions include a spacetime with homogeneous uxes
found in [22].
We shall then investigate the moduli space of these solutions and we
shall nd that there are two special points. One is eleven-dimensional
Minkowski spacetime and the other is the KG spacetime. At both of
these points there is supersymmetry enhancement and the solutions
preserve all thirty-two supersymmetries of M-theory.
We shall nd the Killing vectors and Killing spinors, and compute the
symmetry superalgebra of Hpp-waves. The Killing vectors and Killing
spinors of the KG solution were computed explicitly in [6]. Anticipating
the importance that the KG solution may have in the context of M-
theory, we shall compute its symmetry superalgebra. We shall nd that
the dimension of the bosonic part of the algebra of the KG solution is
38 which is the same as that of the AdS4S7 and AdS7S4 solutions
of M-theory. However unlike the latter two cases where the isometry
group is semisimple, the isometry group of KG solution is not. The
symmetry superalgebra of the rest of the Hpp-waves will also be given.
We shall investigate the reduction of the M-theory Hpp-wave that
we have found and in particular that of the KG spacetime to IIA string
theory. The reduced solution is a IIA H0-brane. It is known that in
some cases after KaluzaKlein reduction, the reduced solution preserves
less supersymmetry than the original one, see for example [1, 4, 20]. It
has been argued in [16] for the special case of T-duality on toric hyper-
kähler manifold, but applies more generally, that a necessary condition
for preserving supersymmetry in supergravity theory is that the Lie
derivative of the Killing spinors along the direction of compactication
vanishes. This condition does not depend on the choice of coordinates
and the choice of frame of spacetime. More generally, the number of su-
persymmetries preserved in supergravity theory after reducing a super-
symmetric solution is equal to the number of Killing spinors which have
vanishing Lie derivatives along the direction of compactication. We
shall see that the above condition on the Killing spinors is equivalent
to requiring that the supercharges associated with the reduced solution
are those of the original supersymmetric solution that commute with
1
No confusion should arise with the unrelated notion of a CW complex, familiar
to topologists.
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the generator of translations along the compact direction. In partic-
ular we nd that for the generic Hpp-wave the radius of the compact
direction can be chosen such that the solution preserves one half of
the supersymmetry in eleven dimensions. However, the Lie derivative
along the compact direction of the Killing spinors of an Hpp-wave does
not vanish. Therefore, the associated H0-brane does not preserve any
supersymmetry in the context of IIA supergravity. This is also reminis-
cent of the backgrounds with supersymmetry without supersymmetry
of [12]. For the Hpp-wave associated with the KG spacetime, the radius
of the compact direction can be chosen such that the solution preserves
thirty-two or sixteen supersymmetries in eleven dimensions. However
again, the Lie derivative of the Killing spinors does not vanish along
the compact direction and so the associated H0-brane does not pre-
serve any supersymmetry in IIA supergravity. Using U-duality one can
construct Hp-branes in IIA (p even) and IIB (p odd) supergravities.
We shall also consider the superposition of our H-brane solutions
with the standard M-branes. We shall in fact focus on the superposition
of an M-theory pp-wave [18] with an Hpp-wave. We shall nd that upon
reduction to IIA supergravity, the solution has the interpretation of
D0-branes in the presence homogeneous uxes, or HD0-branes. Using
U-duality, one can then construct HDp- and HNSp-branes in type II
theories.
Our H-brane solutions can also be used to construct a class of ux-
branes with additional homogeneous uxes (HF-branes, for short). For
this, we shall perform a reduction in a class of our M-theory Hpp-wave
solutions. The resulting IIA conguration has a magnetic two-form
ux characteristic of a F7-brane, in addition to the uxes which are
reductions of the homogeneous four-form eld strength.
This paper has been organised as follows. In Section 2, we summarise
the construction of CW spaces and investigate their geometry. In Sec-
tion 3 we give the Hpp-wave solutions of eleven-dimensional supergrav-
ity. In Section 4 we compute the Killing spinors for the Hpp-waves and
those of KG spacetime. In Section 5 we examine the isometries of
the Hpp-waves. In Section 6 we give the symmetry superalgebra of
Hpp-waves and in particular that of KG spacetime. In Section 7 we
use U-duality to construct many H-brane solutions. In Section 8 we
use the spinorial Lie derivative to investigate the number of supersym-
metries preserved by a solution after a KaluzaKlein reduction. We
then apply our results in the context of H-branes. In Section 9 we nd
HD- and HNS- brane solutions. In Section 10 we nd HF-brane solu-
tions. Finally, in Section 11, we discuss the moduli space of maximally
supersymmetric solutions of eleven-dimensional supergravity.
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2. CahenWallach Lorentzian Symmetric Spaces
In this section we present the construction due to Cahen and Wallach
[5] of a family of indecomposable Lorentzian symmetric spaces. This
family exists for any dimension  3, but we will consider only the
eleven-dimensional casethe general case following straightforwardly
from this one. Let x be light-cone coordinates, xi; i = 1, . . . , 9 be
coordinates in R
9
and A = (Aij) be a real symmetric matrix. The CW
metric is








It is not hard to show that the resulting space is indecomposable (that
is, it is not locally isometric to a product) if and only if A is non-
degenerate. On the other hand if A is degenerate then the metric (1)
decomposes to a (11− k)-dimensional indecomposable CW space and
the standard metric on R
k
, where k is the dimension of the radical of
A.
In order to make the dependence of the CW metric on A explicit,
we will let MA denote the space with CW metric corresponding to the
matrix A. Some of the CW spaces associated with dierent matrices A
are isometric. To be precise, two CW spacesMA1 andMA2 are (locally)
isometric if and only if A1 = c
2OA2O
−1
, where c is a non-vanishing
(real) constant and O is an orthogonal transformation. Indeed, the
dieomorphism is given explicitly by rotating the xi by O and then
rescaling x 7! c1x.
The moduli space of eleven-dimensional CW metrics is that of the
unordered eigenvalues of A up to a positive scale. This space is dieo-
morphic to S8/9 where 9 is the permutation group of nine objects
acting in the obvious way on the homogeneous coordinates of S8, that
is, on the eigenvalues (λ1, . . . , λ9) of the matrix A. The moduli space
of indecomposable CW metrics is
(S8n)/9 where  = f(λ1, . . . , λ9) 2 S8 j λ1λ2   λ9 = 0g,
which is noncompact. Adding the decomposable CW metrics compact-
ies the moduli space to S8/9. This provides a simple example of a
phenomenon that has been observed in the compactication of many
other moduli spaces.
To show that the metric (1) is complete, to nd the isometries and
to understand the global structure of MA, we shall construct MA as
a symmetric space. To this end, let V be a real 9-dimensional vector
space and let V  be the dual space. We may identify V and V  with
R
9
by choosing a basis feig for V and canonical dual basis fei g for
V . We dene a euclidean inner product on V by declaring the ei to
be an orthonormal basis. Let Z be a one-dimensional real vector space
and let Z be its dual space. We identify them with R by choosing
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canonically dual bases e+ for Z and e− for Z. Finally let A be a real
symmetric bilinear form on V : A(ei, ej) = Aij = Aji. Then the 20-
dimensional vector space V V ZZ can be made into a solvable
Lie algebra with the following nonzero Lie brackets:







i , ej ] = Aije+ . (2)
The brackets satisfy the Jacobi identity by virtue of A being symmet-
ric. We call the resulting Lie algebra gA, since it depends on A. Notice
that the second derived ideal g00A is central, whence gA is solvable. The
Lie algebra (2) is isomorphic to a Heisenberg algebra generated by
fei, ei , e+g and equipped with an outer automorphism e− which ro-
tates positions feig and momenta fei g. Systems with such symmetry
include the harmonic oscillator, the Planck constants being given by
the eigenvalues of A.
Let kA denote the abelian Lie subalgebra spanned by the fei g and
let pA denote the complementary subspace, spanned by fei, e+, e−g. It
is clear from the Lie brackets (2) that
[kA, pA]  pA and [pA, pA]  kA ,
whence gA = kA  pA is a symmetric split. Furthermore, the action of
kA on pA preserves the symmetric bilinear form
B(ei, ej) = δij and B(e+, e−) = 1 . (3)
Let GA denote the simply-connected Lie group with Lie algebra gA
and let KA denote the Lie subgroup corresponding to the Lie subal-
gebra kA. Then the space MA = GA/KA of right KA-cosets in GA
inherits a Lorentzian metric from the KA-invariant bilinear form B
on pA. In this way, MA becomes a Lorentzian symmetric space with
solvable transvection group GA.
To express the metric on MA as in (1), we choose a representative
σ : MA ! GA of the coset as






where fx+, x−, xig are local coordinates as in (1). (Normally this can
only be done locally, but in this case, since MA is contractible, we
can choose a global representative.) The pull-back to MA of the left-
invariant MaurerCartan form on GA can be written as
σ−1dσ = ω + θ ,
where the canonical kA-connection ω of the coset and the pA-valued
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and













respectively. In the above coordinates, the GA-invariant metric B(θ, θ)
on MA coincides with (1).
For later use, the Riemann curvature and Ricci tensors of MA have
the following nonzero components
R−i−j = −Aij and R−− = − trA . (5)
In particular, the scalar curvature vanishes.
The holonomy of MA is isomorphic to KA = R9 and the representa-
tion is induced by the adjoint action ofKA on pA. It is not hard to show
that the KA-invariant subspace of
V
pA is spanned by the constants to-
gether with polyvectors of the form e+^θ, where θ 2
V
V . This means
that the corresponding parallel forms onMA are the constants together





i1 ^ dxi2 ^    ^ dxip .
3. Hpp-waves from CW Spaces
The CW spaces MA described in the previous section can be used to
construct Hpp-wave solutions of eleven-dimensional supergravity. The
bosonic elds of eleven-dimensional supergravity are the metric g and
the four-form eld-strength F . Since we want the Hpp-wave to have
the symmetries of the CW spaces, it is natural to demand that F be
homogeneous, so that we shall choose F to be a parallel form on the
CW space. In particular, we shall show that








F = dx− ^,
(6)
where  is a 3-form on R9 with constant coecients, is a supersym-
metric solution of eleven-dimensional supergravity provided that
trA = −1
2




In the conventions of [13], the eld equations of eleven-dimensional
supergravity [9] are















For later use, we also give the Killing spinor equations of eleven-
dimensional supergravity. Let fΓag be a basis in the Cliord algebra
ΓaΓb + ΓbΓa = 2ηab1 ,
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where ηab is the mostly plus frame metric. A convenient basis for
investigating Killing spinors for the solution (12) is one for which η+− =
1 and ηij = δij. The Killing spinors ε satisfy the equation











and the spin connection r is
rM = ∂M + 14ωM abΓab . (11)
To see that (6) satises the eld equations of eleven-dimensional
supergravity theory, we remark that F is parallel, hence it is both
closed and coclosed. Moreover it obeys F ^ F = 0. Therefore F obeys
its equation of motion. Since F is nullthat is, FPQRSF
PQRS = 0the






The only nonzero component of the Ricci tensor is R−− = − trA,
and similarly the only nonzero component of energy-momentum tensor
TMN := FMPQRFN
PQR
is T−− = 6kk2, whence we see that in order to
obtain a bosonic solution, all we need to impose is the condition (7).
It is clear from our construction that the solution (6) is invariant
under the action of the Lie algebra gA of the transvection group and
that it has the interpretation of an Hpp-wave according to the denition
given in the introduction. The Hpp-wave (6) may be invariant under
the action of a larger group. A detailed investigation of the symmetries
will be presented in Sections 5 and 6. Here we shall simply mention
that the Hpp-wave (6) is invariant under the action of the Lie algebra
gA o (sA \ sΘ), where sA  so(V ) and sΘ  so(V ) are the isotropy
algebras of A and , respectively, and o is the semidirect sum. The
action of sA\sΘ on gA is induced by restriction from the natural action
of so(V ) on V V   gA. In the next section we shall show that generic
Hpp-wave solutions preserve one half of the supersymmetry.
There are some special cases of Hpp-waves that we can consider.
One possibility is to choose  = 0. In such case, the spacetime is not
necessarily Minkowski. The condition (7) only implies that the trace of
A vanishes. The associated CW spaces are Ricci at but not isometric
to Minkowski space. However if A = 0, we recover eleven-dimensional
Minkowski space. Therefore the moduli space of Hpp-waves has a point
that preserves thirty-two supersymmetries. As we will see presently, it
has exactly one other such point.
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Another case that we shall focus later is to take








F = µ dx− ^ dx1 ^ dx2 ^ dx3 ,
(12)




The isotropy algebra of F is so(3)  so(6). We shall show in Sec-
tion 4 that for a special choice of A, this solution preserves thirty-two
supersymmetries. This is the KG solution of eleven-dimensional super-
gravity.
Another special case of (12) is the solution given in [22]. This solu-
tion corresponds to a reducible CW space. To see this, we write the
metric given in [22] as
ds2 = −dt2 + dx29 + 2br2dϕ(dx9 − dt) + dr2 + r2dϕ2 + ds2(R7) .




(t+ x9) ~ϕ = ϕ + b(x9 − t) .
In these new coordinates the metric is written as
ds2 = 2dx−dx+ − 2b2r2(dx−)2 + dr2 + r2d ~ϕ2 + ds2(R7) .
After periodically identifying ~ϕ and changing from polar (r, ~ϕ) to rect-
angular coordinates on R
2
, the metric we nd is that of a decompos-
able CW space for which A has two equal non-vanishing eigenvalues
λ1 = λ2 = −2b2.
4. Killing Spinors
There are two cases to consider. First we shall show that generic
Hpp-waves (6) preserve one half of the supersymmetry, that is, that
they admit sixteen linearly independent Killing spinors. Then we shall
prove that there is a special point in the moduli space of these solutions,
which is not Minkowski space, where supersymmetry is enhanced and
the solution admits thirty-two linearly independent Killing spinors. In





µ2δij i, j = 1, 2, 3
− 1
36
µ2δij i, j = 4, 5, . . . , 9
 = µdx1 ^ dx2 ^ dx3
(14)
then the solution (12) preserves all supersymmetry. This is the KG
vacuum solution of eleven-dimensional supergravity theory.
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To begin the analysis, the nonvanishing components of the spin con-
nection one-form of the (12) solution are





where +i are frame indices. In addition, using that F−123 = µ and
all other components vanish, the F -dependent piece ΩM of the Killing
spinor equation (9) has the following nonzero components
2





µΓ+ΓiI i = 1, 2, 3
− 1
12
µΓ+ΓiI i = 4, 5, . . . , 9 ,
(15)
where I = Γ123 obeys I
2 = −1. It follows from Γ2+ = 0 that
ΩiΩj = 0 for all i, j = 1, 2, . . . , 9. (16)
To solve the Killing spinor equations for the (generic) solution (6),
we impose the condition
Γ+ε = 0 . (17)
In this case, the Killing spinor equations reduce to
∂−ε = 124ijkΓ
ijkε ,
where ε = ε(x−) is only a function of x−. This equation can be solved








for some constant spinor ψ+ such that Γ+ψ+ = 0. It is clear from this
that the generic solution (6) preserves one half of the supersymmetry.




Iε = 0 , (19)










where ψ+ is again a constant spinor satisfying Γ+ψ+ = 0.
Next we turn to nd the special point in the moduli space of (12)
solutions that exhibits enhancement of supersymmetry. Since r+ = ∂+




∂iε = Ωiε (20)
and equation (16), we see that ∂i∂jε = 0, whence ε is at most linear in






Throughout this section, the indices on the Γ-matrices are frame indices.
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where the spinors χ and εi are only functions of x
−
. From equation









where the spinor χ only depends on x−. The dependence on x− is xed





jΓ+Γiε− 112µ (Γ+Γ− + 1) Iε ,
which will also imply an integrability condition xing A.
Inserting the above expression (21) for ε into this equation and after
a little bit of algebra (using repeatedly that Γ2+ = 0), we nd
d
dx−
χ = − 1
12
















Because χ is independent of xi, the terms in parenthesis in the right-
hand side of the equation must vanish separately. This will x A. The
remaining equation is a rst-order linear ordinary dierential equation
with constant coecients, which has a unique solution for each initial
value. Since the initial value is an arbitrary spinor, we see that the
dimension of the space of Killing spinors is 32 and hence the solution
will be maximally supersymmetric.





µΓ+Γi i = 1, 2, 3
1
12






µΓ+Γi i = 1, 2, 3
1
12
µΓ+Γi i = 4, 5, . . . , 9







µ2Γi i = 1, 2, 3
− 1
36
µ2Γi i = 4, 5, . . . , 9 ,
whence A is diagonal with eigenvalues λi = −19µ2 for i = 1, 2, 3 and
λi = − 136µ2 for i = 4, 5, . . . , 9. In particular it is nondegenerate,
whence the metric (1) is indecomposable. As a nal check, notice that
trA = −1
2
µ2 as required from the equations of motion. We conclude
therefore that the solution (12) with A given in (14) is a maximally su-
persymmetric solution of eleven-dimensional supergravity. Notice that
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all nonzero values of µ are isometric (simply rescale x−), whereas µ = 0
corresponds to eleven-dimensional Minkowski spacetime.
One can give a more explicit expression for the Killing spinors. De-
compose the spinor χ as χ+ + χ−, where Γχ = 0. Since I preserves
ker Γ, the rst-order equation for χ breaks up into two equations:
d
dx−
χ+ = −14µIχ+ and
d
dx−
χ− = − 112µIχ− ,
which can be solved via matrix exponentials in terms of constant spinors





























Finally, we use equation (21) to arrive at the following expression for





















A(sin( 112µx−)1− cos( 112µx−)IΓ+ψ− . (23)
Observe that the Killing spinors depend trigonometrically on x−.
These expressions agree (up to notation) with those found in [6] for
the KG solution.
5. Isometries
We shall begin by investigating the isometries of a generic CW space
MA and then we shall specialise to those of the KG solution. Since
MA = GA/KA is the space of left cosets ofKA inGA, it admits a natural
action of GA. By construction, the metric onMA is invariant under this
action and hence the associated transformations are isometries. This
means that there are 20 linearly independent Killing vector elds ξX
each associated with an element X of the Lie algebra gA of GA. The
map X 7! ξX is an isomorphism of Lie algebras, where the Lie bracket
of ξX is the Lie bracket of vector elds onMA. To express these Killing
vector elds in terms of the coordinates fx, xig, we shall use the local
coset representative σ given by (4) and act on it with GA from the left.
The resulting right-invariant vector elds project to Killing vectors on
MA relative to the GA-invariant metric. To simplify the expressions for
the Killing vector elds, we will assume that the coordinates fxig have
been chosen in such a way that A is diagonalised: Aij = λiδij .
Let X 2 gA and let t 7! exp tX be a one-parameter subgroup of GA
with tangent vector X at the identity. Acting with this one-parameter
subgroup on σ(x), we obtain
exp(tX) σ(x) = σ (exp(tX)  x) k(t, x) ,
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for some k(t, x) 2 KA. Notice that k(0, x) is the identity for all x, hence
dierentiating k(t, x) with respect to t at t = 0 we obtain an element
(Y , say) of kA. Dierentiating the previous equation with respect to t
at t = 0 we therefore obtain (abusing notation slightly)
Xσ(x) = ξX + σ(x)Y ,
where Y 2 kA and where ξX is the local coordinate expression for the
Killing vector corresponding to X. In other words,
ξX = Xσ(x) (mod σ(x)kA) .
To express ξX in terms of the coordinate vectors f∂, ∂ig, we need
to recognise these in GA. Recalling that the action on coordinates is
inverse to that on points, the vector elds ∂+, ∂− and ∂i at the point
with coordinates fx+, x−, xjg are the tangent vectors, respectively, to
the following curves on MA.
t 7! (x+ − t, x−, xj) t 7! (x+, x− − t, xj) t 7! (x+, x−, xj − tδij) .
We can think of these as curves on GA by composing them with σ.
Then their tangent vectors at the point σ(x) become (with a slight
abuse of notation):
−e+σ(x) − e−σ(x) − σ(x)ei ,
which are the expressions in GA for (the push-forwards via σ of) ∂+,
∂− and ∂i, respectively. Using the above computations, we nd that
the Killing vector elds associated with the action of GA on the coset
MA are the following:
ξe+ = −∂+ ξe− = −∂−
ξei = −Ci(x−)∂i + Si(x−)xiλi∂+
ξei = λiSi(x
−)∂i − Ci(x−)xiλi∂+ ,
(there is no sum over i), where the functions Ci(x











if λi > 0
cos












if λi > 0
sin(
p−λi x−)p−λi if λi < 0,
respectively. One can check that the Killing vector elds obtained
above do indeed form a representation of gA. We note that the su-
pergravity solution of Section 3 associated with the CW space MA is
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also invariant under the above isometries; that is, the above isometries
leave invariant the four-form eld-strength F as well.
For generic A these are all the Killing vectors of the metric (1), but if
A is invariant under some subalgebra sA  so(V ), then there are extra
Killing vectors corresponding to sA. Typically this occurs whenever two
or more eigenvalues of A coincide. The subalgebra sA is generated by
the rotations that leave invariant the eigenspace corresponding to these
eigenvalues. The Lie algebra sA acts naturally on gA by restricting the
action of so(V ) on VV   gA. Since sA leaves A invariant, it preserves
the Lie bracket on gA and hence we can dene the semi-direct product
gA o sA. It can be shown that this is the isometry algebra of MA.
The unenlightening proof (which we omit) involves solving Killing's
equation explicitly.
The symmetries of the Hpp-waves solution (6) leave both the eleven-
dimensional metric and four-form eld strength invariant. Adapting
the explanation we have presented above for MA it is easy to see that
the symmetry group of Hpp-waves is gA o (sA \ sΘ), where sΘ is the
subalgebra of so(V ) that leaves the three-form  invariant. For exam-
ple, if Aij = δij , then the algebra of isometries of the CW space MI is
gA o so(9). For the associated Hpp-wave (12), however, the symmetry
subalgebra is gA o (so(3) so(6)).
Now we shall investigate the symmetries of the maximally supersym-
metric KG solution, which was originally computed in [6]. The eigenval-
ues of A given by (14) are negative, hence just like the Killing spinors,
the Killing vectors coming from the GA-action depend trigonometri-
cally on x−. Apart from the symmetries associated with gA, this solu-
tion also has an additional sA = so(3)so(6) invariance because A has
two distinct eigenvalues with three- and six-dimensional eigenspaces,
respectively. The Killing vectors of the KG background are the follow-
ing:
ξe+ = −∂+ ξe− = −∂−












∂+ i = 1, 2, 3














∂+ i = 1, 2, 3












∂+ i = 4, 5, 6, 7, 8, 9














∂+ i = 4, 5, 6, 7, 8, 9
ξMij = x
i∂j − xj∂i i, j = 1, 2, 3
ξMij = x
i∂j − xj∂i i, j = 4, 5, 6, 7, 8, 9,
(24)
where fMij; i, j = 1, 2, 3g and fMij ; i, j = 4, 5, 6, 7, 8, 9g are generators
of so(3) and so(6), respectively.
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The bosonic generators of the symmetry algebra of the KG solution
is gA o (so(3)  so(6)) has dimension 38, which (intriguingly) is of
the same dimension as the isometry algebras of the other nontrivial
maximally supersymmetric solutions: AdS4S7 and AdS7S4.
6. The symmetry superalgebra
In addition to the bosonic symmetries generated by Killing vector
elds, solutions of supergravity theories preserving some supersymme-
try are also invariant under fermionic symmetries generated by shifts
along their Killing spinors. Combining the bosonic and fermionic sym-
metries, such backgrounds are invariant under the action of a super-
group. In the case of backgrounds of the form AdSpX, the precise
form of the associated Lie superalgebra was elucidated in [14, 24]. In
this section we do the same for the M-theory Hpp-waves of (6). We
shall rst nd the symmetry superalgebra of the KG solution and then
we shall give the symmetry superalgebra of a generic Hpp-wave.
The Lie superalgebra in question will be denoted S, and it splits into
even and odd subspaces S = S0S1. The odd subspace is spanned by
the Killing spinors and the even subspace by those Killing vectors also
preserving F . In order to dene the structure of a Lie superalgebra we
need to construct linear maps
[, ] : S0 S0 ! S0
[, ] : S0 S1 ! S1
f, g : S1 S1 ! S0 ,
subject to the Jacobi identities. The rst map is simply the Lie bracket
of vector elds and it clearly satises the Jacobi identity. The second
map is the action of Killing vectors on Killing spinors, making the space
of Killing spinors into a linear representation of the isometry subalge-
bra. As in [14, 24], this is achieved by the spinorial Lie derivative. If X
is a Killing vector, then one can dene a Lie derivative LX on a spinor
ψ as
LXψ = X
MrMψ + 14r[MXN ]ΓMNψ .
As it has been explained in [14], this has the following properties:
1. If f is any smooth function and ψ is any spinor, then
LX(fψ) = (Xf)ψ + fLXψ ;
2. If X is a Killing vector eld, Y is any vector eld, and ψ any
spinor, then
LX(Y  ψ) = [X, Y ]  ψ + Y  LXψ ,
where  denotes the Cliord action of vectors on spinors; and
3. If X, Y are Killing vector elds and ψ is a spinor,
LXLY ψ − LY LXψ = L[X,Y ]ψ .
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Notice that the spinorial Lie derivative preserves the Spin-invariant
inner product on the space of spinors.
If X is a Killing vector which in addition preserves the four-form F ,
then it is easy to show that LX preserves the space of Killing spinors
S1 of a eleven-dimensional background. Therefore S1 becomes a rep-
resentation of the Lie algebra S0: the Lie algebra spanned by Killing
vectors which preserve F .
Finally, the last map f, g in the structure of the Lie superalgebra
S is simply the squaring of Killing spinors. Indeed, it is easy to show
that if εi, i = 1, 2 are Killing spinors, then the vector eld with com-
ponents ε1Γ
Mε2 is a Killing vector. For the background in question,
these Killing vectors also preserve F . The second property of the Lie
derivative guarantees that this operation is equivariant under the ac-
tion of isometries, which is one component of the Jacobi identity for
the Lie superalgebra S.
We will now explicitly exhibit the symmetry superalgebra. The com-
mutators of the bosonic part of the superalgebra are
[e−, ei] = ei [e−, e

i ] = −µ
2
9 ei (i  3) [e−, ei ] = −µ
2
36 ei (i  4)
[ei , ej] = −µ
2
9 e+ (i, j  3) [ei , ej ] = −µ
2
36 e+ (i, j  4)
[Mij , ek] = −δikej + δjkei for (i, j, k  3) and (i, j, k  4)
[Mij , ek] = −δikej + δjkei for (i, j, k  3) and (i, j, k  4) .
(25)
To continue with the computation, we introduce odd generators Q
which generate shifts along the the constant spinor ψ parameteris-
ing the Killing spinors in (23). As we have argued, the spinorial Lie
derivative preserves the space of Killing spinors. Let ξ be a Killing
vector eld. Acting on a generic Killing spinor ε(ψ+, ψ−), Lχ will give
a Killing spinor with dierent parameters ε(S−ξ ψ+, S
+
ξ ψ−). This de-
nes an action of the Lie algebra of isometries on the space of Killing
spinors, whose structure constants are given by the constant matrices
S−ξ and S
+
ξ . An explicit computation reveals that
[e+, Q] = 0 [e−, Q+] = −µ4 IQ+ [e−, Q−] = − µ12IQ−
[ei, Q+] = −µ6 IΓiΓ+Q− (i  3)
[ei, Q+] = − µ12IΓiΓ+Q− (i  4)
[ei , Q+] = −µ
2
18
ΓiΓ+Q− (i  3)
[ei , Q+] = −µ
2
72
ΓiΓ+Q− (i  4)
[Mij , Q] = 12ΓijQ (i, j  3) and (i, j  4)
(26)
Using the Cliord algebra, it is easy to check that this forms a repre-
sentation of gA o sA.
Finally we compute the bracket f, g of odd generators of the sym-
metry superalgebra. For this let ε1 = ε(ψ+, ψ−) and ε2 = ε(ρ+, ρ−) be
Killing spinors associated with constant spinors (ψ+, ψ−) and (ρ+, ρ−)
as in (23), respectively. Then the vector V = ε1Γ
Mε2∂M is a linear
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combination of Killing vectors with constant coecients:





































where Mij are the generators of the isotropy algebra sA of A. From
this one can read the anticommutators of the odd generators of the
superalgebra as
fQ+, Q+g = −Γ−C−1e+
























To summarise the (anti)commutation relations of the symmetry super-
algebra of the KG solution are given by the equations (25), (26) and
(28).
The symmetry superalgebra of an M-theory Hpp-wave solution (6)
based on a generic CW space is the following. The commutators of the
bosonic generators are given in (2). This solution preserves only half of
the supersymmetry and since the Killing spinor ε satises Γ+ε = 0, the
associated superalgebra contains only Q+ generators. It follows that
the remaining non-vanishing commutators and anticommutators are
[e−, Q+] = − 124ijkΓijkQ+ [Mij , Q+] = 12ΓijQ+
fQ+, Q+g = −Γ−C−1e+ ,
(29)
where Mij are generators of sA \ sΘ. The symmetry enhancement at
the special point is dramatically illustrated by comparing the symmetry
superalgebra of the generic Hpp-wave, given by (2) and (29), with that
of the KG solution, given by equations (25), (26) and (28).
7. H-Branes
Reducing the M-theory Hpp-wave found above and using U-duality,
we can construct Hp-brane solutions in all type II supergravities. The
reduction and U-duality for the metric and form-eld strengths are
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straightforward to perform. We should only ensure that at every stage
we choose a CW space which is invariant under the direction that the
reduction and U-duality are performed. In particular, this implies that
Hp-branes for p > 0 are associated with decomposable CW spaces.
The preservation of supersymmetry under reduction and U-duality
is not obvious. This is because the Killing spinors depend nontrivially
on most of the eleven-dimensional coordinates and in particular x−.
We shall come to this point later.
First we shall reduce the M-theory Hpp-wave to IIA along the di-
rection y = 1p
2
(x+ + x−), where we have chosen x = (t + x10)/p2.
We shall focus in the reduction of the Hpp-wave given in (12). This is
because the four-form eld strength vanishes along the direction xi for
i > 3 and the Killing spinors depend trigonometrically on x−. Using
the KaluzaKlein Ansatz leading to the string frame in IIA theory, we
nd the following H0-brane solution:
ds2 = −−12dt2 + 12ds2(R9)




dx1 ^ dx2 ^ dx3





where  = 1+ 1
2
Aijx
ixj , F2, F4 are the RR eld strengths and H3 is the
NSNS three form eld-strength. Observe that near the origin xi = 0,
the metric of the H0-brane approaches Minkowski space, the dilaton
is constant, the two-form eld strength vanishes, and both H3 and F4
are constant. Away from the origin, the dilaton, and so the string cou-
pling, increases or decreases depending on whether along those direc-
tions A is positive- or negative-denite. Along the directions that A is
negative-denite the dilaton will eventually become complex signalling
an instability in the theory. Despite the complicated behaviour of the
solution in ten dimensions, the associated Hpp-wave solution in eleven
dimensions is smooth and preserves at least one half of the supersym-
metry. For example, the Hpp-wave associated with the KG background













The associated Hpp-wave preserves all supersymmetry.
To construct other Hp-branes for p > 0, one performs T-duality
along the directions x3+q for 1  q  p on the H0-brane (30). We
now take Aijx
ixj to be independent from x3+q in which case the CW
space becomes degenerate. For this one can use the T-duality rules
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of [3]. Although the application of these rules is straightforward, the
expressions for the Hp-branes are rather involved mainly due to the fact
that the H0-brane has non-vanishing form eld-strengths from both
the NSNS and RR sectors. One can easily see that the metric and the






















8. Supersymmetry and H0-branes
To investigate whether supersymmetry is preserved in the construc-
tion of H0-brane from the Hpp-wave above, we observe that the met-
ric, the four-form and Killing spinors are independent of x+ and de-
pend trigonometrically on x−. For the case of M-theory Hpp-waves
(12) that preserve one half of the supersymmetry, we can identify
x+ 7! x+ +2pim` for any ` and x− 7! x−+ 4pi
µ
n, for some m,n 2 Z. For
even n we must take the trivial spin structure on this torus, whereas
for n odd we must take the nontrivial spin structure on the x− circle,
as the Killing spinors change sign. To reduce the metric and the four-
form eld strength of the Hpp-wave as above, we compactify along the
direction x10 by setting x10 7! x10 + 2pinR for some n 2 Z and R 2 R;
x10 = 1p
2
(x+ + x−). Such identication is consistent with supersym-













and an appropriate spin structure is chosen.
The above relations between the radius of compactication and the
periodicity of Killing spinors, although necessary, are not sucient for
the reduced solution to preserve some of the supersymmetry of IIA
supergravity. In fact, additional conditions are required for this to be
the case. One such local condition is that the Lie derivative of the
Killing spinors should vanish along the Killing vector eld generated
by translations along the compact direction y. This is similar to the
condition required for solutions to preserve supersymmetry after T-
duality in the context of toric hyperkähler manifolds [16]; T-duality
in the context of supergravity can be seen as hidden symmetry of the
reduced theory.
For the case of the Hpp-wave, we can immediately see using (18) or
(19) that
Lξε 6= 0
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where ε is the Killing spinor and ξ∂y is the vector eld tangent to the
compact direction; unless µ = 0 and the Hpp-wave solution becomes
Minkowski space. Therefore we conclude that the H0-brane does not
preserve any supersymmetry of IIA supergravity. This can be veried
directly: for example, one sees that the dilatino equation is not satis-
ed. This is another example of reduction breaking the supersymmetry
of a solution in addition to those found in [1, 4, 20, 12].
The above conditions for the supersymmetries preserved by a solu-
tion after reduction in the context of supergravity can be stated in
terms of the (anti)commutation relations of the symmetry superalge-
bra of the original solution. To see this, recall that the commutators of
the bosonic and fermionic generators of the symmetry superalgebra of
a solution are computed by evaluating the Lie derivative of the Killing
spinors along the Killing vectors associated with the bosonic genera-
tors. It is clear now that the unbroken supersymmetries of the reduced
solution are those fermionic symmetry generators of the original solu-
tion that commute with the bosonic generator that is associated with
translations along the compact direction. In the case of the Hpp-wave
superalgebra (29), since e− and Q+ do not commute, the H0-brane does
not preserve any supersymmetry.
A similar analysis can be done for the case of Hpp-waves that pre-
serve all thirty-two supersymmetries in eleven dimensions. The only
dierence is that the identication in this case is x+ 7! x+ + 2pim`
for any ` and x− 7! x− + 12pi
µ
n, for some m,n 2 Z. For even n we
must take the trivial spin structure on this torus, whereas for n odd
we must take the nontrivial spin structure on the x− circle. Note that
if instead we identify x+ 7! x+ + 2pim` for any `, x− 7! x− + 4pi
µ
n,
for some m,n 2 Z and take an appropriate spin structure, then only
sixteen supersymmetries are preserved in eleven dimensions.
The above analysis of supersymmetry suggests that if one does string
perturbation theory in the H0-brane background, the resulting spec-
trum will not be supersymmetric and it will most likely contain tachy-
onic modes. However if additional possibly non-perturbative states are
included in the spectrum, then supersymmetry is restored in the theory.
9. HD-Branes and HNS-Branes
The solutions of M-theory that we have described in Section 3 are
suitable for describing the asymptotic region of D0-branes in con-
stant four-form eld-strength. Since a constant four-form eld-strength
does not vanish at innity, such D0-brane solutions do not approach
Minkowski spacetime at innity. Instead, as we shall see, they approach
the solutions we have found in Section 3. From the perspective of M-
theory, the supergravity description of D0-branes is as pp-waves. It is
then easy to see that the solution that describes D0-branes in constant
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four-form eld strength is




F = µ dx− ^ dx1 ^ dx2 ^ dx3 ,
(31)
where µ is a constant and the eld equations imply that








where xA are the positions of the D0-branes and PA are their tensions.
It is straightforward to see that the above solution preserves one half
of the supersymmetry. The Killing spinors and symmetry superalge-
bra are those of the solutions of Section 3 preserving one half of the
supersymmetry. Away from the D0-branes the solution approaches the
solutions we have described in Section 3. Near the centres, the solution
exhibits the same singularity structure as that of a pp-wave.
As in the case of Hp-branes explained in the previous section to
compactify along a space like direction to IIA theory, we choose x10 =
1p
2
(x+ +x−). In the string frame, the ten-dimensional solution is given
by
ds2 = −−12dt2 + 12ds2(R9)




dx1 ^ dx2 ^ dx3





 = 1 + 1
2
K . (33)
If the matrix A is positive-semidenite, then the dilaton is large at
innity and the string coupling constant is large. On the other hand if
A is not positive-semidenite, then there are regions of spacetime that
the dilaton is not dened; that is, it becomes complex and multival-
ued. Nevertheless the existence of HD0-brane solutions in supergravity
theory suggests that there are sectors in the Hilbert space of string
theory in backgrounds with homogeneous uxes which are associated
with D0-branes. As in the case of H0-branes, HD0-branes are not su-
persymmetric in the context of IIA supergravity.
One can construct HDp-branes for p  6 by T-dualising along the
directions i > 3. The solutions are similar to those presented in the pre-
vious section for the associated Hp-branes. The only dierence is that
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the function  appearing in the HDp-branes is given in (33). Using S-
duality one can construct HNS-branes and HM-branes. The singularity
structure of the new solutions is dierent from that of the associated
standard brane solution. For example consider the metric of a HNS5-
brane in the string frame located at x = 0
ds2 = ds2(R1,5) + ds2(R4) ,
where  = 1 + Aijx
ixj + P
δijxixj
; i, j = 1, . . . , 4. For simplicity, we take
Aij = δij . The HNS5-brane spacetime is complete with two asymptotic
regions. The near horizon geometry jxj ! 0 is R1,6  S3 as expected.
However the asymptotic geometry as jxj ! 1 is not at as the NS5-
brane but R
1,5  C(S3), where C(S3) is a conformally at cone over
S3.
10. HF-Branes
A large class of ux-branes, for example those associated with cer-
tain Melvin solutions, can be constructed by reducing a Minkowski
spacetime [11, 10]. This class of solutions leads to string theory mod-
els which can be solved exactly [23, 22]. Such backgrounds have been
used to investigate tachyon instability in closed string theory [22, 17, 7]
and establish a conjecture for the equivalence of type IIA and type OA
string theory [2, 7]; for more recent progress see [8]. Instead of using
the Minkowski spacetime, one can reduce one of our Hpp-wave solu-
tions and in this way obtain homogeneous ux-brane solutions in ten
dimensions, or HF-branes for short.
Instead of considering all congurations that can be found in this
way, we shall focus here in an HF-brane that arises from the super-
position of a Hpp-wave with the F7-brane. To do this we consider an
Hpp-wave (6) for which the isotropy group of A contains an SO(2) sub-
group and is invariant under translations along an additional direction,









mxn for m,n  4, whence ∂3 ~A = 0.
We perform the reduction along the orbits of the Killing vector eld
ξ = ∂3 + BR∂ϕ, where x
1 = r cosϕ, x2 = r sinϕ, and where we have
periodically identied x3  x3+2piR. Next we introduce the coordinate
~ϕ = ϕ−BRx3 which is constant along the orbits of ξ. Expressing the
Hpp-wave solution in terms of ~ϕ and x3 coordinates, we perform the
KaluzaKlein reduction along x3. In particular, we shall consider three
dierent choices for the three-form  in F of Hpp-wave (6). First we
take  to be non-vanishing along the directions x1, x2. In this case, the
22 FIGUEROA-O'FARRILL AND PAPADOPOULOS
Hpp-wave solution that we shall reduce to IIA is

























































φ = K ,
(34)
where K = 1 + B2R2r2. It is easy to see if one takes A = 0, the
ten-dimensional solution becomes the F7-brane. Observe though that
the worldvolume of the F7-brane in the presence of an Hpp-wave, is
no longer a Minkowski space. This is an example of a brane whose
worldvolume is curved [21]. It is also straightforward to show that the
integral of F2 over the plane with coordinates (r, ~ϕ) is nite as expected
for an F-brane.
Two more cases arise by choosing  in dierent ways from the case
we have investigated above. For example, if F4 vanishes along all direc-
tions x1, x2, x3, then the IIA three-form vanishes and the IIA four-form
coincides with that of the Hpp-wave (6). Alternatively, one can choose
F4 to vanish along the x
1, x2 directions but to be non-vanishing along
the x3 direction. In this case the IIA four-form vanishes but H3 = i3F4.
In both the above cases the metric and two-form eld strength of the
IIA theory are as in (34).
Since the Killing spinors of the generic Hpp-wave solution (6) do not
depend on the coordinates x1, x2, x3 involved in the compactication,
the HF-brane that we have found in (34) may preserve some of super-
symmetry of IIA supergravity. The Lie derivative of the Killing spinors
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along the compact direction vanishes unlike the case of H0-brane de-
scribed in Section 7. However now there is a global condition depending
on whether the Killing spinors are periodic or antiperiodic with respect
to the compact coordinate. In the latter case supersymmetry is broken.
The analysis is similar to that for the standard ux-branes in [7].
There are many other cases to be considered. For example, one
can also reduce along a diagonal direction which involves the spacelike
direction of x− and ϕ. In such a case, the IIA conguration could
be interpreted as a superposition of an H0-brane with an F7-brane.
Many more solutions can be found by applying U-duality to the above
congurations.
11. Concluding Remarks
It is natural to ask whether there are more maximally supersymmet-
ric solutions of eleven-dimensional supergravity. In fact there are not.
This result appears in [19] and conrmed in [15]. Therefore the moduli
space of simply connected maximally supersymmetric solutions of M-
theory consists of a real line and an additional point. The coordinate
on the real line can be chosen to be the scalar curvature of the four-
dimensional subspace of the maximally supersymmetric AdS4S7 and
AdS7S4 solutions. The point with vanishing scalar curvature can be
identied with the Minkowski vacuum. The point corresponds to the
KG solution, which does not have free parameters. Since the KG solu-
tion has vanishing scalar curvature, it could also be identied with the
point of vanishing scalar curvature but in this case the moduli space
would not be Hausdor.
The presence of unexpected maximally supersymmetric solutions
in eleven-dimensional supergravity raises the question whether similar
solutions exist in other supergravities. Due to the large number of
symmetries, it is expected that string theory on such backgrounds is
solvable or amenable to a CFT/AdS type of conjecture.
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